Abstract. If a group G has an ascending series 1 = G 0 ≤ G 1 ≤ · · · ≤ Gρ = G of subgroups such that for each ordinal α, Gα G, and G α+1 /Gα has no nonabelian free subsemigroup, then G is right orderable if and only if it is locally indicable. In particular if G is a radical-by-periodic group, then it is right orderable if and only if it is locally indicable. §1. Introduction
§1. Introduction
Recall that a group G is said to be locally indicable if every finitely generated non-trivial subgroup of G has an infinite cyclic quotient. Such groups are right orderable, as was shown by R.G. Burns and V.W. Hale in [2] . On the other hand, a right orderable group need not be locally indicable as was shown by G.M. Bergman in [1] . It was shown in [9] that a finite extension of a polycyclic group is right orderable only if it is locally indicable. This result was extended to groups which are finite extensions of solvable groups by I.M. Chiswell and P. Kropholler in [3] and to the class of periodic extensions of radical groups by V. M. Tararin in [10] . The purpose of this paper is to show that if a group G has a normal ascending series 1 = G 0 ≤ G 1 ≤ · · · ≤ G ρ = G of subgroups such that for each ordinal α < ρ, G α+1 /G α has no non-abelian free subsemigroup, then G is right orderable only if it is locally indicable.
A group G is said to have a normal ascending series with factors in a class X if there is a series 1 = G 0 ≤ G 1 ≤ · · · ≤ G ρ = G of subgroups such that for each ordinal α < ρ, G α G, and G α+1 /G α ∈ X. ρ is any ordinal number and where α is a limit ordinal, G α is defined to be λ<α G λ .
If N is a nilpotent group and u 0 , v 0 ∈ N, write u i+1 = u i v i , v i+1 = v i u i for all i ≥ 0. Then u r = v r where r is the nilpotency class of N. This is a well known result shown by B.H. Neumann and T. Taylor and also by A.I. Mal'cev. Such a group, in particular, contains no non-abelian free subsemigroup. It follows that a locally nilpotent group has no non-abelian free subsemigroups. We shall call a group G an NFS-group if it has no non-abelian free subsemigroups. Observe that periodic extensions of NFS-groups are again NFS-groups.
A group G is called radical if it has a normal ascending series in which all the factors are locally nilpotent groups. We shall call G an NFS-radical group if it has a 638 PATRIZIA LONGOBARDI, MERCEDE MAJ, AND AKBAR RHEMTULLA normal ascending series in which all the factors are NFS-groups. Thus in particular periodic extensions of radical groups are NFS-radical groups. V.M. Tararin [10] has shown that a right orderable radical-by-periodic group is locally indicable. We shall show that a right orderable NFS-radical group is locally indicable. We point out that in general, NFS-groups are not periodic extensions of locally nilpotent groups as was shown by A. Yu. Ol'shanski and A. Storozhev in [8] .
We wish to thank the referee for his useful comments and have modified results in section 2 as suggested by the referee. §2. Preliminary material Results in this section are not new, but are included to make this paper more or less self-contained.
Lemma 1.
Let G be a right orderable group, Λ a totally ordered set on which G acts by order preserving permutations, and G α the subgroup of G fixing some element α ∈ Λ. Then there is a right order on G with respect to which the subgroup G α is convex.
Proof. Let ≤ 1 be any right order on G, and let ≤ 0 be the total order on Λ. Define relation ≤ on G by the rule: g ≤ h ⇐⇒ αg ≤ 0 αh, or αg = αh and g ≤ 1 h. It is easy to verify that (G, ≤) is a right ordered group and G α is convex.
If A is a subset of a right ordered group (G, ≤), then A is said to be bounded above (below) if there is some element g ∈ G such that a < g (g < a) for every a ∈ A. The set A is called unbounded if it is not bounded above or below.
Recall that a subgroup H of a right orderable group G is called relatively convex if it is convex under some right order on G. Since the intersection of all relatively convex subgroups of G containing a given set A is relatively convex (see Proposition 5.1.10 of [6] ), there is a unique minimal relatively convex subgroup of G containing A. We call this subgroup the relative convex subgroup closure of A in G.
Lemma 2. Let (G, ≤) be a right ordered group and let A be a subgroup of G. If the set A is bounded above (below), then the relative convex subgroup closure of
Proof. We prove the lemma in the case A is bounded above. The proof in the other case is similar. Let α = {g ∈ G ; g ≤ a for some a ∈ A}. Then α is a convex set and so is αg for any g ∈ G. Note that if h / ∈ αg, then αh ⊃ αg. Order the set Λ = {αg; g ∈ G} by the rule αh > αg if αh ⊃ αg. Then G acts on Λ under right multiplication preserving the order on Λ. Note that αa = α for all a ∈ A so that G α ≥ A. By Lemma 1 there is a right order on G under which G α is convex. Lemma 3. Let ≥ be a right order on G, and suppose for some element a > e the subgroup A = a is unbounded in G under ≥. Then g −1 ag ≥ e, and g −1 ag is unbounded for every g ∈ G.
Proof. Take any h, g ∈ G. There exist positive integers m, n such that g −1 ≥ a −m and a n ≥ hg −1 . Then g −1 a m ≥ e and a n gh −1 ≥ e. Hence
Similarly, ∃ r, s ∈ N such that a r ≥ g −1 and hg −1 ≥ a −s . Hence
Take h = e in the first part of the proof to get g −1 ag ≥ e for every g ∈ G.
Lemma 4. Let A be a normal subgroup of a right ordered group G. If A is bounded above (below), then under some right order on G, A is contained in a proper convex normal subgroup of G.
Proof. As in the proof of Lemma 2, let α = {g ∈ G; g ≤ a for some a ∈ A}, and Λ = {αg; g ∈ G}. Then G acts on Λ, and A lies in the kernel K of this map since αga = α(gag −1 )g = αg for all g ∈ G, a ∈ A. That a group of order preserving permutations of an ordered set is right orderable is well known and goes back to papers of Cohn [4] , Conrad [5] and Zaitseva [11] . Thus G/K is right orderable.
Take any right order on G/K, any right order on K, and order G lexicographically by putting every element of Kg positive if and only if Kg is positive in G/K. This is a right order on G with respect to which K is convex.
The statement of Lemma 4 can be made more precise. If A is a normal set, then the relatively convex subgroup closure A of A in G is also a normal subgroup. This follows from the two remarks:
1. A is the unique minimal relatively convex subgroup of G containing A.
2. For any right order on G given by its positive cone P, there is a right order on G with positive cone g −1 P g for every g ∈ G. §3. Statement and proof of the main result
Theorem. A right-orderable NFS-radical group is locally indicable.
Proof of the Theorem. Note that the class of NFS-radical groups is subgroup and quotient closed. Let G be a non-trivial right-orderable NFS-radical group. We need to show that every non-trivial finitely generated subgroup of G has a nontrivial torsion-free abelian quotient. To this end we may assume that G is finitely generated. We may further assume that G has no proper non-trivial normal relatively convex subgroup. This assumption is justified because the join of a nested set of relatively convex subgroups is relatively convex as was shown by V.M. Tararin (see Proposition 5.1.7 of [6] ), so that there is a maximal normal relatively convex subgroup of G since G is finitely generated. Thus replace G by a quotient of G with respect to a proper maximal normal relatively convex subgroup, if necessary, so that it has no proper non-trivial normal relatively convex subgroup. Now G has an ascending series of normal subgroups of G where each factor is an NFS-group. Let A be the largest normal NFS-subgroup of G. Such a subgroup exists since the union of a chain of NFS-subgroups of G is again an NFS-subgroup. If A = G, then G is an NFS-group and by Lemma 9 of [7] , every right order on G is a lexicographic right order-by this we mean that the set of convex subgroups form a system where the factor group for every convex jump is order-isomorphic to a subgroup of the additive group of reals. Since G is finitely generated, there is a last convex jump G 1 → G, and G/G 1 is a finitely generated non-trivial torsionfree abelian group. Since G has no proper non-trivial normal relatively convex subgroup, G 1 = e and G is abelian. Thus assume A = G.
Let A = {A α ≤ G ; A α = A ∩ G α , where G α is a proper relatively convex subgroup of G}.
For every A α in A let K α be the relative convex subgroup closure of A α in G.
We show that G, with the inclusion, is an inductive set. Let (K i ) i∈I be a chain in G. Then the union i∈I K i = L is a relatively convex subgroup of G. Moreover L = G, since G is finitely generated. Finally L ≤ T for every proper relatively convex subgroup T such that
Therefore G is inductive and there exists G 0 maximal in G. Let ≤ be a right order in G such that G 0 is convex, and let ≤ A be its restriction to A. We show that A 0 = A ∩ G 0 is a maximal convex subgroup of A under ≤ A . In fact assume there exists B < A, B convex and A 0 < B. Then B is bounded above and, by Lemma 2, the relatively convex subgroup closure G 1 of B in G is a proper subgroup of G.
Therefore
Hence A 0 is a maximal convex subgroup of A. By Lemma 9 of [7] , every order on A is lexicographic so that A 0 is normal in A and A/A 0 is isomorphic to a subgroup of the additive group of real numbers under the order induced by ≤.
It follows that for every positive a ∈ A\A 0 , the set {a n | n ∈ Z} is unbounded in A; and since A is unbounded in G under every right order on G, this set is unbounded in G. From Lemma 3 we know that for every g ∈ G, g −1 ag > e and g −1 ag is unbounded. Thus the set A \ A 0 is invariant and therefore so is the set A 0 .
Now by Lemma 4 and the fact that G has no proper non-trivial normal relatively convex subgroups, it follows that A 0 = 1, and the order ≤ A is Archimedean. Since A is unbounded in G, it follows from Lemma 3 that under conjugation, the action of G on A preserves the order on A. Let K be the kernel of this action. Then G/K acts as a group of order preserving automorphisms of the Archimedean ordered group A. Thus G/K is isomorphic to a subgroup of the multiplicative group of positive reals which is torsion-free abelian. Hence G has a torsion-free abelian quotient unless G = K and in this case G centralizes A.
But G/A is an NFS-radical group, so it has a non-trivial normal subgroup B/A that has no free subsemigroups. We now show that B is an NFS-group. For any x, y ∈ B, there are distinct semigroup words u = u(x, y) and v = v(x, y) such that u = va for some a ∈ A. Then uv = vu since A is in the center of G. Thus B has no free subsemigroup, and by our choice of A, B = A. Thus G = A, contradicting the assumption on A.
